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Letters to the Editor

Retarded Differential Equations 
and Quantum Mechanics
G. W. Johnson and I wish to draw 
attention to the work of C. K. Raju 
that is related to some of the ideas 
discussed by Sir Michael Atiyah in 
his talk “The Nature of Space”, which 
we reported on in the June/July 2006 
issue of the Notices. Ideas suggesting 
a link between retarded differential 
equations and quantum mechanics 
were put forward some years ago 
by Raju, and we, along with Atiyah, 
believe they deserve attention. Inter-
ested readers are encouraged to read, 
in particular, the following papers 
written by Raju:

1. Time: Towards a Consistent The-
ory, Kluwer Academic, Dordrecht, 
1994 (Fundamental Theories of Phys-
ics, vol. 65), ch. 5b “Electromagnetic 
time” (pp. 116–122), and ch. 6b “Quan-
tum mechanical time” (pp. 161–189).

2. The Eleven Pictures of Time, 
Sage, 2003, pp. 298–302.

3. “The electrodynamic 2-body 
problem and the origin of quan-
tum mechanics”, Foundations of 
Physics, 34, (June 2004), 937–962.

 
—Mark E. Walker 

University of Nebraska 
mwalker5@math.unl.edu

 
(Received December 29, 2006) 

The Proof of the Poincaré 
Conjecture
In recent months there has been 
considerable attention devoted to 
the proof of the Poincaré conjecture 
that was started by Hamilton and 
completed by Perelman, both among 
mathematicians and in the media. 
Although most of the reports are 
largely true to fact, some incorporate 
false statements or innuendo which I 
believe are irresponsible. I am writing 
this letter to set the record straight.

Let me say first that the Hamilton-
Perelman proof of the Poincaré con-
jecture is a great triumph for math-
ematics in general and for geometric 
analysis in particular. I am privileged 
to have participated in the nurturing 
of geometric analysis from its infancy 

to its adulthood. There were the good 
old days when ideas were shared and 
new frontiers were explored. It was 
during this period that the Ricci flow 
was introduced and investigated by 
Hamilton. Thirty years later, geomet-
ric analysis has reached maturity, and 
the proof of the Poincaré conjecture 
is perhaps its most spectacular suc-
cess to date. I expect many more 
successes to come.

The achievements of Hamilton and 
Perelman in solving the conjecture, 
especially their major breakthroughs 
on singularities of nonlinear para-
bolic systems and the structure theo-
rem for 3-dimensional manifolds, are 
unparalleled. They far exceed the 
established standards for Fields Med-
als. I fully support, and have always 
said so, the award of the Fields Medal 
to Perelman. (In my view, Hamilton 
clearly deserves the Fields Medal 
also, but he is not eligible at this time 
because of the age restriction.) For 
anyone to suggest in words or a car-
toon that my position has ever been 
anything but that is both offensive 
and completely untrue.

Proving the Poincaré conjecture is 
an intricate and daunting process. In 
a work of this scale, it is understand-
able that when Perelman released 
his manuscripts on arxiv.org, several 
key steps were merely sketched or 
outlined. These manuscripts posed 
a tremendous challenge for the math 
community to digest. For two years 
many top experts in the field of geo-
metric analysis worked hard and 
made steady progress in understand-
ing and clarifying Perelman’s papers. 
At the end of 2005, Cao and Zhu com-
pleted a three-hundred-plus-pages 
manuscript that provided a complete 
account of the Hamilton-Perelman 
proof of the Poincaré conjecture. 
This paper provides the proof in a 
form that finally can be understood 
by researchers in the field.

This past summer while I was in 
China, I held a press conference and 
also gave a public lecture on the Poin-
caré conjecture. My press conference 
addressed a group of Chinese report-
ers. Its intention was to encourage 
young Chinese mathematicians and 
scientists to be more ambitious and 
seek the frontiers of research being 
done worldwide and not just in China. 

Young mathematicians in China need 
not just encouragement but a better 
perspective of what the most exciting 
and promising directions of research 
are. My public lecture in Beijing on 
June 20 [2006] was addressed to the 
mathematics community and a large 
group of string theorists. In that talk 
I focused on the achievements of 
Hamilton and Perelman. Since Cao 
and Zhu managed to put together in 
writing the details of the deep ideas 
of Hamilton and Perelman, I praised 
them as well, hoping this would en-
courage their fellow mathematicians 
in China.

Over the years I have inherited 
from my teacher S. S. Chern the 
strong belief that it is the duty of 
any mature mathematician to train 
the next generation. Since he and I 
both come from China and there are 
many talented young Chinese math-
ematicians who are not exposed to 
modern mathematics, we have spent 
a lot of time helping mathematicians 
and students in China. We devoted a 
lot of time discussing the challenges 
and working together to address 
them. Thanks to his leadership, there 
are now many outstanding Chinese-
trained mathematicians in Western 
universities. Over the last twenty 
years, Chern and I have also been 
trying to develop mathematics within 
Chinese universities. Because of the 
Cultural Revolution, the recovery has 
been slow. But thanks also to the help 
of many friends from the West, the 
situation is improving.

There have been uninformed re-
ports on how the Cao-Zhu paper was 
handled by the Asian Journal of Math-
ematics, as well as on the joint work 
by Lian, Liu, and me on the mirror 
symmetry conjecture. Regarding the 
former, rumor has it that the normal 
peer review process had been tossed 
out the window. On the contrary, it 
took the journal several months to go 
through the established process until 
the paper was accepted for publica-
tion. After receiving the submission 
in December 2005, I asked, without 
success, several leading experts on 
geometric flows, including Perel-
man, if they would referee the paper. 
Under the circumstances, I myself 
took on the referee’s task. After at-
tending more than sixty hours of 
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Annex 2

(Some relevant extracts from the 1994 book Time: Towards a Consistent
Theory, chp. 5b, the 2004 paper “The electrodynamic 2-body problem and
the origin of quantum mechanics”. [Chp. 6b (“Quantum mechanical time”)

of the above book, connecting FDE to quantum mechanics via the
structured-time interpretation of quantum mechanics, is too long to include
here.] Also relevant extracts from the book The Eleven Pictures of Time,

which explains matters in a non-technical way. These were three references
to my work acknowledged in the April 2007 issue of the Notices.)



VB     ELECTROMAGNETIC TIME  

ABSTRACT. In the previous chapter we saw that the introduction of the field creates more problems than it
solves. Here  we begin by disregarding the problems due to the field, and formulate the two-body problem of
retarded electrodynamics, without radiation reaction.  The resulting equations of motion are time-asymmetric,
and fail to satisfy the ‘phase-flow’ hypothesis underlying the recurrence and reversibility paradoxes. We present
a counter-example to show that the Lorentz-Dirac equation, resulting in preacceleration, may be invalid since
it is derived by replacing a retarded ordinary differential equation (o.d.e.) by a higher-order standard o.d.e.
obtained by Taylor approximation. The solutions of advanced o.d.e.’s branch into the future, implying
in-principle unpredictability from the past and resolving Popper’s pond paradox. The branching and collapse
of solutions of mixed o.d.e.’s suggests a resolution of the Wheeler-Feynman and grandfather paradoxes. 

With a direct-action theory, or with Dirac’s definition of radiation damping, the elimination of advanced
interactions is a serious problem. We present an exposition of (i) the Sommerfeld condition, pointing out its
arbitrariness; (ii) the Wheeler-Feynman absorber theory, pointing out its internal inconsistency; and (iii) the
Hogarth-Hoyle-Narlikar theory, pointing out its external inconsistency. The remaining absorber theory predicts
the existence of rare advanced interactions. We compare this with the empirical results of Partridge, and suggest
that experiment proposed by Heron and Pegg may now be revived. 

1 Introduction

CHAPTER IV ended with the hope that the introduction of the field may help to resolve
the paradoxes of thermodynamics. But in Chapter VA we saw that the introduction of

the field seems to create more problems than it solves.

Let us, for the moment, forget about the field, or else let us adopt the point of view that
the field is a dispensable intermediary between particles. Let us look, instead, at the nature
of the many-body problem (of electrodynamics), and the novel features arising from the
finite speed of interaction: to measure time, or anything else, one must postulate that the
speed of light is constant. 

What are the consequences of the finite speed of interaction? We recall Poincaré’s
remark: ‘The state of the world will depend not only on the moment just preceding, but on
much older states.’  In both cases we obtain what Poincaré called  (p  65) ‘equations of finite
differences’. As Poincaré further argued, the substance of physics lies in its mathematical
formalism — the ‘mechanical explanations’ are redundant. So, between fields and particles,
it matters little which mental picture we feel comfortable with.

How does the finiteness of the speed of interaction affect the underlying equations? To see
this, consider a system of n particles. In the field picture, an accelerated charged particle e1 gives
out retarded radiation which is incident upon other charged particles e2, e3, ..., en. The outgoing
retarded wave accelerates other charged particles at later or retarded times. In the particle picture,
only these accelerations matter: the acceleration of e1 at time t depends upon the acceleration  of
e2, e3, ..., en, at past or retarded times, say t−τ2, ..., t−τn.  Ignoring, for the moment,  the question
of self-action and radiation damping,  the difference between the field-picture and the particle-
picture does not show up mathematically. 
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2 The two-body problem of electrodynamics

2. 1 Formulation

For example, the equations of motion of two charged particles i and j, in one dimension,
interacting solely through retarded radiation (and without radiative damping) take the form:1

z
..

i (si)  =  
k
m

 
[1+z

.
i
2(si)]

1⁄2  sgn [zi(si)−zj(sj)]


 [zi(si)−zj(sj)]z

.
j(sj)− zi(si)−zj(sj) ct

.
j(sj)




2  ,
(1)

where (t, z), with the appropriate subscript, denote the coordinates of the world-lines of the
particles, dots denote differentiation with respect to the proper times si, sj of the two particles,
and (i,j) = (1,2) or (2,1). Given si, the retarded proper time sj in the above equation,
corresponds to the point at which the backward null cone from the point (ti(si), zi(si)) meets
the world line of particle j. This is obtained from (see Fig. 5): 

c ti(si)−tj(sj)   =   zi(si)−zj(sj) . (2)

The difficulty of having two independent variables can be removed by rewriting (1) as

v′i(t)

 [ 1−v2
i(t) ⁄ c2 ] 

3⁄2  =  
(−1)i k

miτ2
ji(t)

  ⋅  
c−(−1)jvj(t−τji(t))

c+(−1)jvj(t−τji(t))
,

(1′)

where k  =  −e1 e2 ⁄ c2, the explicit retardations 

τji (t)  =  t − tj (sj) (2′)

are obtained from equation (2), primes denote differentiation with respect to t, and vi = z′i is
the velocity.

Reforming the notation (to use bars rather than subscripts), and using units with c = 1,
these equations may be rewritten:

v′(t)
 [ 1−v2(t) ] 3⁄2  =  

b

τ2
  ⋅  1+v

_
(t−τ)

1−v
_
(t−τ) ,

(3a)

v
_
′(t)

 [ 1−v
_2(t) ] 3⁄2

  =  − b
_

τ
_2  ⋅  1−v(t−τ

_
)

1+v(t−τ
_
) ,

(3b)

where b = −k ⁄ m, b
_
 = −k ⁄ m

__
, and
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τ(t)  =   x(t)−x
_
(t−τ) , (4a)

τ
_
(t)  =   x

_
(t)−x(t−τ

_
)  . (4b)

We can now see the difference quite clearly: the character of the differential equation
has changed. The system of equations (3) is no longer a system of simple differential
equations, but is a system of ‘difference-differential equations’ or a system of ordinary
differential equations (o.d.e.’s) with retarded deviating arguments. The ‘accelerations’ of
the particles at time t depend upon their velocities v, v

_
  at past or retarded times, t−τ, t−τ

_
.

What is the significance of this change? To study the two-body problem of
electrodynamics, one must study o.d.e.’s with deviating arguments: even the simplest
qualitative features of such o.d.e.’s completely destroy the Newtonian paradigm, and suggest
a resolution of the paradoxes of thermodynamics, and the paradoxes of advanced action.

2. 2 Some definitions 

A first-order o.d.e. has the form

x′(t) = f (t, x(t)), (5)

where f is some function (generally non-linear). It is well known that the most general system
of o.d.e.’s can be reduced to a system of such equations, i.e., to the form (5), regarding x  as
a vector, if necessary. It is also well known that (under some mild requirement of continuity
on f) prescription of the ‘initial value’ x(0), at an instant t = 0, determines a unique solution
x(t) of (5) in a neighbourhood [−δ, δ] of  t = 0. This is the Newtonian paradigm.

In contrast, a differential equation with deviating arguments has the form

x′  =  f (t, x(t), x(t−τ) ). (7)

The ‘dependent variable’, the function x, appears for more than one value of its argument,
the ‘independent variable’, t.

An equation with deviating arguments is classified as retarded, or history dependent, if
the highest order derivative of the unknown function appears for exactly one value of the
argument, and this argument is not less than all the arguments of the unknown function and
its derivatives appearing in the equation. For example,

x′(t)  =  f (t, x(t), x(t−τ(t)) ) (8) 

is called retarded if τ(t)>0. 
Similarly, the equations of motion of charged particles interacting solely through

advanced radiation correspond to anticipatory behaviour, or an o.d.e. with advanced
deviating arguments, 

x′(t)  =  f (t, x(t), x(t+τ(t))). (8)
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The definition requires the same proviso as above, except that now the argument of the
highest order derivative must be less than or equal to all the other arguments of the unknown
function, i.e., τ(t)>0 in (8), or τ(t)<0 in (7).

More generally, a system of charged particles interacting through both advanced and
retarded radiation displays partly anticipatory behavior, corresponding to an o.d.e. with
mixed-type deviating arguments: 

x′(t)  =  f (t, x(t), x(t−τ1(t)), x(t+τ2(t))). (9)

From now on, equations of the type (7), (8), and (9) will be referred to as retarded,
advanced, and mixed-type o.d.e.’s. The mathematical theory of such differential equations
with deviating arguments, also known as functional differential equations, differs from the
mathematical theory of the usual differential equations.

2. 3 The recurrence paradox and the past-value problem

Van Dam and Wigner2 considered equations involving both retarded and advanced fields.
They asserted (without proof) that instantaneous positions and velocities were sufficient to
determine unique trajectories. 

Now, with electromagnetic interactions taken into account, the many-body equations
of motion (3) are retarded o.d.e.’s.  However, for the simplest model of even a retarded
differential equation, modeling a history-dependent situation, it is inadequate, in general, to
provide initial data at a point. Consider, for instance, the o.d.e with constant retardation
π ⁄ 2, 

x′(t)  =  x(t−π
2

),   t ≥ 0 .
(10)

To obtain a unique solution, it is insufficient to specify only the state at one point of time,
say x(0). Thus, x = cos t and x = sin t are obvious solutions, and since the equation is linear
x = a⋅cos t + b⋅sin t is a solution for arbitrary constants a and b, and both a and b cannot be
determined from a knowledge of x(0).

Since the behavior is history-dependent, it is more reasonable to ask for a unique solution
after prescribing the past history, i.e., an initial function x = ϕ, over the relevant part of the
past: the interval of retardation, [-π/2, 0]. 

In general, a unique solution of the past-value problem for the retarded system, 

x′(t)  =  f (t, x ( t−τ1(t), t−τ2(t), ..., t−τn(t)) ), (11)

may be obtained under the following sufficient conditions.3 (i) All delays, τi, are bounded,
and (ii) some technical conditions such as a local Lipshitz condition and a continuity
condition are satisfied.

From the point of view of thermodynamics, the interesting conclusion is the following.
The hypotheses underlying the recurrence paradox have been destroyed: there is no longer
a unique trajectory through each point of phase space. More than one trajectory may pass
through each point of phase space; trajectories may intersect (Fig. 1).  
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2. 4 The reversibility paradox: time asymmetry of delay 

For retarded o.d.e.’s the intersection of trajectories takes place preferentially towards the
future, in a way that destroys the hypothesis underlying the reversibility paradox. An
ordinary differential equation is time symmetric: it may be solved either forward or backward
in time. From a knowledge of the current values, Newton’s laws may be used to predict the
future or retrodict the past. However, a retarded o.d.e. relates past causes to current effects.
Such an equation may be solved forward in time, but not, in general, backwards in time. 

Consider the following ordinary, linear, retarded differential equation with constant
coefficients, and constant retardation r:

x′(t)  =  a x(t) + b x(t−r), (12)

with b different from zero and r>0. To solve the equation backwards, it is only necessary to
solve an algebraic equation,

x(t−r)  =  
x′(t)−a x(t)

b
, (13)

to obtain the solution on [t−2r, t−r], given x = ϕ on [-r, 0]. For nonlinear equations, this
already means that backwards solutions will not be unique. For the case under consideration,
suppose a≠−b and we prescribe ϕ(t) ≡ k, a constant, on [-r, 0], and ask for a backwards
solution for t ≤ 0. Then (13) implies that  x(t) = −ak ⁄ b  so that the unique solution of the
algebraic equation (13) fails to be continuous, and hence differentiable. Therefore, a
(continuous) backwards solution of (12) does not exist in general.

Of course, one could think of choosing a final function in such a way that the solution
exists. But then the solution would, in general, fail to be unique. Consider

x′(t)  =  b(t) x(t−1), (14)

where b is any sufficiently smooth (e.g. continuous) function which vanishes outside [0, 1],
and with 

Fig. 1: Effects of
history-dependence

Three solutions of a model first-
order delay equation, showing the
effects of history-dependence. All
three solutions have the same ini-
tial value x(0), though the past his-
tories prescribed over the
time-interval  [-1, 0] are different.
Note also the discontinuity in the
derivative of solution 1, visible at
t=0.
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∫ b(t) dt  =  −1. (15)

For example, 

 b(t)  =  










0
−1 + cos 2πt

0
     

 t ≤0,
 0 ≤ t ≤1,

 t ≥1.

  (16)

For t ≤ 0, (14) reduces to x′(t) = 0 so that, for t ≤ 0, x(t) = k for some constant k. Now if
k is any constant then, for t ∈  [0,1],

x(t)  =  x(0) + ∫  
0

t
x′(s) ds

 

=  x(0) + ∫  
0

t
 b(s) x(s−1) ds

 

=  x(0) + x(0) ∫  
0

t
 b(s) ds, 

 (17)

since x(s−1) ≡ k = x(0) on [-1, 0]. Hence, using (15), x(1) = 0 no matter what k was. But
x(1) = 0, and b(t) = 0 for t ≥ 1, implies, by (14), that x(t) = 0 for all t ≥ 1. Consequently, (14)
does not admit a unique backwards solution even if we prescribe future data for all future
times t ≥ 1. Thus, if ϕ differs from 0 on [1,∞) there are no backward solutions. But, if
ϕ ≡ 0 on [1, ∞), the solutions branch into the past (Fig. 2), and there is no way to pick a unique
solution from the infinity of continuous solutions that are available.

Fig 2: Time asymmetry of delay

Three solutions of the retarded
equation (14) which collapse
towards the future. The different
past histories, presecribed over the
time-interval [1,0], all result in the
same future solution for t≥1.
Retrodiction is hence impossible
from future data prescribed over t
≥ 1. Teleological ‘explanations’
are impossible with history-de-
pendent evolution.
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2. 5 Preacceleration: the Taylor-series approximation

We saw in Chapter VA that the study of radiative damping and, in particular, the Schott
term, leads to equations that are of the third order in time, resulting in the  preacceleration
of the electron. Dirac, in 1938, obtained these equations by means of a Taylor expansion
which seems unavoidable.4 Many other authors5 have attempted similar approximation
procedures, using a Taylor series expansion to get rid of retarded/advanced expressions, in
dealing with the two-body problem in electrodynamics and gravitation. Physically, this
procedure means that we model a history-dependent system by an instantaneous system with
additional degrees of freedom.

This procedure is known to be, in general, invalid. This may be seen from the following
counter-example,

x′(t)  =  −2 x(t) + x(t−r), (18)

where r>0 is a small constant. Every solution of this equation is bounded6 and tends to zero
as t→∞. But if we choose the Taylor series approximation to the right hand side and truncate
after two terms, we obtain 

x′(t)  =  −2 x(t) + [x(t)−rx′(t) + 
1
2

 r2x′′( t)] , (19)

which admits exponentially increasing solutions x(t) = c exp(αt), with α > 0. Thus, the
Taylor approximation of (18) by (19) leads to qualitatively incorrect behaviour, no matter
how small r is, so long as r>0.

It may be shown that it is not the order of the approximation which is at fault: with
instantaneous data, even an infinite number of degrees of freedom is inadequate. The order
of the approximation does, however, make a difference from the numerical point of view,
as pointed out by El’sgol’ts,7 ‘since the transition is equivalent to the rejection of the term
with the highest order derivative in an unstable-type differential equation with a small
coefficient before the highest derivative.’[Emphasis mine] 

In the usual treatment of the numerical solution of retarded o.d.e.’s, attention is focused
upon the discontinuities that might arise at the ends of delay intervals (e.g. Solution 1 of Fig.
1). However, one would expect the general electrodynamic many-body problem to be ‘stiff’:
there could be oscillations at widely varying frequencies. In view of the Dahlquist barrier,8
A-stability fails for any rule higher than the trapezoidal rule, so that the Taylor approximation
could be numerically misleading for derivatives of order greater than two.9 Thus, Dirac was
perhaps right in a way when he rejected the higher order terms as too complex to apply to
‘a simple thing like the electron’.

To summarize, the origin of the  Schott term in the Lorentz-Dirac equation of motion
is mathematically dubious, and can result in qualitatively incorrect behaviour, though it may
yet provide a more robust numerical approximation than would be obtained by the inclusion
of higher-order relativistically covariant terms. The alternatives that have been proposed,10

to the Lorentz-Dirac equation, have not proved satisfactory.11
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VIB     QUANTUM-MECHANICAL TIME 

ABSTRACT. We present a brief exposition of the orthodox axiomatic approach to q.m., indicating the relation
to the text-book approach. We explain why the usual axioms force a change of logic. We then explain the
attempts to derive the Hilbert space and the probability interpretation from a new type of ‘and’ and ‘or’ or a
new type of ‘if’ and ‘not’. Included are the Birkhoff-von Neumann, Jauch-Piron, and quantum logic approaches,
together with an account of their physical and mathematical obscurities. 

Instead of entering the labyrinth of subsequent developments, which seek new algebraic structures while
accepting the old physical motivation, we present an exposition of the structured-time interpretation of q.m.,
which seeks a new physical motivation.

We saw in Chapter VB that, with a tilt in the arrow of time, the solutions of the many-body equations of motion
are intrinsically non-unique. In Chapter VIA we had indicated how this non-uniqueness relates to a change in
the logic of time. We now explain how the resulting changes in the logic and  structure of time lead to a new
type of ‘if’ and ‘not’, of the kind required by q.m.,  while escaping from the criticism which applies to the
earlier ‘quantum logic’ approaches. 

We briefly indicate the analogy between this logic and the temporal logic required for the formal semantics of
parallel-processing languages like OCCAM, and distinguish the structured-time interpretation from the
superficially similar many-worlds interpretation and the transactional interpretation of q.m.

1 Introduction

THE preceding chapter introduced the problem of a non-trivial structure of time: the
(local) topology of time, in the real world, might be different from that of the real line.

The real-line topology differs from the mundane view of a past-linear future-branching time,
used to demarcate and validate physics. Moreover, there is possible incoherence about the
structure of time, even within physics, as different structures may be simultaneously implicit.

We explained how the notion of a structure of time could be formalized in terms of
properties of the earlier-later relation (U-calculus) or, more generally, using an appropriate
(temporal) logic. 

This chapter deals with two earlier claims (a) that an appropriately structured time could
be related to the change of logic required by the axiomatic formulation of q.m., and (b) that
the hypothesis of a tilt in the arrow of time implies such an appropriate structure. The other
consequence of the basic hypothesis, viz. non-locality,  is hardly a serious drawback since
we saw in Chapter VIA that locality is a fuzzy and metaphysical requirement which lacks a
basis even in classical physics. 

To reiterate, the aim of this chapter is to present an exposition of the structured-time
interpretation of q.m. which relates the many-body equations of motion of non-local classical
(relativistic) mechanics, the emergence of a logical structure, or a non-trivial topology of
time,1 and the mathematical formalism of q.m.

§ 2 presents an exposition of the orthodox Hilbert-space axiomatics of q.m. and relates
it to the usual textbook approach. § 3 explains why the orthodox axiomatic approach forces
a change of logic and goes on to  present an exposition of the ‘quantum logic’ approach, its
relation to the Hilbert-space axiomatics, and its obscurities. The idea is to distill the body of
q.m. to its algebraic and logical ‘skeleton’. Finally, § 4 presents the structured-time approach,
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Fig. 1. The figure shows three different solutions of a retarded FDE ẋ(t) = b(t)x(t −1), for
a suitable choice of the function b(t). Three different past histories prescribed for t ≤ 0 lead
to three different solutions all of which coincide for t ≥ 1. Such a phase collapse is impos-
sible with ODE where trajectories in phase space can never intersect. Because of this phase
collapse, FDE, unlike ODE, cannot be solved backward, from prescribed future data.

Thus, on grounds of the known mathematical differences between
FDEs and ODEs, it is reasonable to doubt, a priori, that the full electro-
dynamic force (6) can be validly approximated by the Coulomb force, by
neglecting the vector potential.

A good way to settle this doubt is to put the matter to test by com-
paring the Coulomb-force solution with the solutions obtained using the
full electrodynamic force. This requires a solution of the 2-body problem
with the full electrodynamic force, and we accordingly proceed to calculate
such a solution.

2. SOLVING FDES

2.1. Method 1

The mathematical features of FDEs briefly recapitulated above sug-
gest that retarded electrodynamics involves a “paradigm shift” from “clas-
sical mechanics”, for we now need past data rather than instantaneous
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data. In a debate on this question at Groningen, H. D. Zeh argued against
any such paradigm shift. Zeh maintained that there was no need for past
data, since data prescribed on a spacelike hypersurface (corresponding to
an instant in spacetime) was adequate to solve the system of Maxwell’s
partial differential equations (PDEs) together with the Heaviside–Lorentz
equations of motion for each particle.

Given all fields on a spacelike hypersurface, one can evolve them for-
ward in time for a small region. Given all fields, in the vicinity of a single
particle, its equations of motion reduce to a system of ODEs which can
be solved in the usual way. We will call this method 1. We note that it
implicitly involves the simultaneous solution of a coupled system of PDEs
and ODEs.

2.2. Method 2

In contrast to method 1, the FDE formulation of the electrodynamic
2-body problem may be geometrically visualized as follows.(13) Assuming
retarded potentials, the force on particle 1 at a given spacetime point (a, 0)

is evaluated as follows. One constructs the backward null cone with ver-
tex at (a, 0), and determines where it intersects the world line of parti-
cle 2, at a point (b, t), say (see Fig. 2). Given the world line of the particle
2 in a neighborhood of (b, t) one evaluates the resulting Lienard–Wiec-
hert potential at (a, 0), and uses this retarded potential to calculate the
force on particle 1 at (a, 0). This is the force given by (6). The force on
particle 2 at any point is calculated similarly. Clearly, we can solve for the
motion of either particle, only if we are given the appropriate portions of
the past world line of the other particle. We will call this method 2.

2.3. Relating the two Methods

The Groningen debate brought out the following difficulty. Both the
above methods seem to have the same underlying physical principles (New-
ton’s laws of motion, possibly in a generalized form suitable for special
relativity + Maxwell’s equations). How, then, can these principles admit
fundamentally incompatible interpretations of instantaneity and history-
dependence?

2.4. The Need for Past Data

This issue can be readily resolved as follows. If retarded propagators
(i.e., Green functions, or fundamental solutions of the wave equation, or
retarded Lienard–Wiechert potentials) are assumed, then the field at any
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Fig. 2. To calculate the force acting on par-
ticle 1 at (a, 0), one draws the backward null
cone with vertex at (a, 0). If this intersects the
world line of the second particle at (b, −t),
one calculates the Leinard–Wiechert potential
at (a, 0), due to the motion of particle 2 at
(b, −t). Thus, determination of the present
force on particle 1 requires a knowledge of
the past motion of particle 2.

point x relates to particle movements in the past at the points xa and xb

on the respective world lines of particles a and b, where the backward null
cone from x respectively meets the world lines of the two particles (Fig. 3).
Thus, to know the field at a point x we should know the particle world
lines at and around the past points xa , and xb. If we do this for every
point x on a spacelike hypersurface, the points xa , and xb will, in gen-
eral, cover the entire past world lines of the two particles. Thus, in the
2-body context, given the assumption of retardation, prescribing the fields
on a spacelike hypersurface is really equivalent to prescribing the entire
past histories of the two particles. That is,

instantaneous data for e.m. fields = past data for world lines of particles

That is, the PDE + ODE method 1 only hides the underlying history-
dependence of electrodynamics. (The above remarks need to be appropri-
ately modified if, instead of assuming retardation, one assumes advanced
or mixed-type propagators. For example, if we use advanced propagators,
then ‘anticipation’ should be used in place of ‘history-dependence’, etc.)

2.5. FDE vs. ODE + PDE

While both methods require past data on the motion of the two par-
ticles, the intuitive schema underlying method 1 is currently inconvenient
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Fig. 3. Method 1 seems to requires only instantaneous
data corresponding fields on a Cauchy hypersurface.
Assuming only two particles and retarded propagators, the
fields at any point x on the hypersurface relate to past par-
ticle motions at xa and xb. As x runs over the hypersurface,
the points xa and xb will, in general, cover the entire past.
Thus, in the retarded case, initial data for the fields is the
same as past data for the world lines of the particles.

for the actual process of obtaining a solution. Formally speaking, there
is no well-known existence and uniqueness theorem for a coupled system
of PDEs + ODEs. [Separate existence theorems are, of course, known for
PDEs (Maxwell’s equations, in this case), and for ODEs (to which the par-
ticle equations of motion reduce, if all fields are given)]. Neither is there
any well known numerical algorithm which converts the intuitive method
of iteratively solving coupled PDEs + ODEs into an actual process of cal-
culation.(14) Both formal proof and a numerical scheme can very likely be
developed without much difficulty. However, neither is available as of now,
so method 1 cannot, as of now, be used to obtain a solution of the full-
force electrodynamic 2-body problem.
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In contrast, for FDEs there is already a formal existence and unique-
ness theorem from past data.(15) Further, there are well known numer-
ical algorithms and tested computer programs available(16) (though they
do not have all of the most desirable numerical characteristics, and the
current code has not been formally proved to be error free). Accordingly,
method 2 is currently the method of choice.

Incidentally, the PDE + ODE method 1 seems to need data on the
entire past trajectories of the two particles. This is more information than
is usually required for the FDE method 2. [Because of the numerical stiff-
ness of the underlying equations, in practice, one is able to numerically
solve the classical hydrogen atom with method 2 for only short time peri-
ods, of the order of a femto second (10−15 s), for which only a very
short portion of the past history is needed.] That is, method 1, despite
its appearance of preserving instantaneity and not needing any informa-
tion from the past, actually seems to need more information about the
past than method 2! A very careful analysis of the method would pre-
sumably show that the solution by method 1 actually uses information
from only that part of the Cauchy hypersurface within the Cauchy hori-
zon, so that information across the entire hypersurface is not needed, and
the two methods are really equivalent. At present, however, that is still
a conjecture.

3. SOLUTION OF THE ELECTRODYNAMIC 2-BODY PROBLEM

3.1. Prescription of Past History and Discontinuities

How should the past history of the two particles be prescribed? Exist-
ing physics provides no guidelines to help answer this question: exactly like
fields on a spacelike hypersurface in method 1, it permits us to prescribe
the past particle motions more or less arbitrarily.

This has two consequences worthnoting. Thus, (1) mathematically, the
past data for a FDE is not required to be a solution of the FDE, and
(2) the mathematical theory of FDEs tells us that a discontinuity may well
develop at the initial point where the prescribed past data joins with the
solution of the FDE.

From a physical point of view, this past motion may be regarded
as a bound or constrained motion—constrained, perhaps, by additional
mechanical forces—and the discontinuity at the initial point may be attrib-
uted to the sudden removal of the additional constraint at t = 0. These
discontinuities propagate downstream. While it is known from the general
theory(17) that the discontinuities of a retarded FDE are typically smooth-
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ened out over time, i.e., that they move over to successively higher deriv-
atives, we must recognize that the problem we are solving is (except in
1 dimension) technically a neutral(18) FDE (even though only retarded
Lienard–Wiechert potentials are being used), so that no such smoothing
need take place, and the discontinuities may persist.

The discontinuity creates a mathematical difficulty: for, in classical
electrodynamics, the equations of motion are formulated assuming that
the particle trajectories are at least thrice continuously differentiable (C3).
The numerical solution of the FDE by higher-order Runge–Kutta meth-
ods also assumes a similarly high level of smoothness, which assumption
is not justified if the past history is prescribed arbitrarily.

This problem of discontinuities obviously is a suitable topic for
further research, and in the sequel we shall set it aside and rely on the
methods for handling discontinuities that are already incorporated into
existing computer codes like retard and archi (19), which handle dis-
continuities for example by switching to low-order polynomial extrapo-
lation or predictor–corrector methods near a discontinuity. Both these
programs are so written that they permit a discontinuity even in the
function (positions, velocities) at the initial point, though we can always
arrange initial conditions so that there is a discontinuity at most in the
derivative (acceleration) at the initial point. We will prescribe past and ini-
tial data in such a way that discontinuities are confined to the acceleration
and higher derivatives—though, like ‘quantum jumps’, it is not at present
clear whether these are the only sorts of discontinuities that are ‘physically
acceptable’. The archi program enables the tracking of such disconti-
nuities, classified as ‘hard’ or ‘soft’ according to the theory of Willé and
Baker.(20) Hard discontinuities are those that propagate instantaneously
between components, while soft discontinuities are those that propagate
over time. In the present context, since there are no advanced interactions,
all discontinuities are soft, except for discontinuities between components
(velocity, acceleration) representing derivatives. (Further, the archi pro-
gramme has certain refinements—such as the use of a cyclic queue to store
past history—that are not immediately relevant.)

3.2. The Classical Hydrogen Atom

To return to the physics, since our aim is to test how well the Cou-
lomb force approximates the full electrodynamic force, let us consider the
case of the classical hydrogen atom, without radiative damping. Suppose
an electron and proton are for t ≤ 0 constrained to rotate rigidly in a
classical circular 2-body orbit, calculated using the Coulomb force. What
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will happen when this constraint is removed at t = 0? With the past
history prescribed in this way, we now have a complete problem that can
be solved by method 2.

3.3. Equations of Motion

That is, we take the non-relativistic equations of motion to be given
by the Heaviside–Lorentz force law for each particle:(21)

m
dv
dt

= q (E + v × B )

[
+2

3
q2

4πε0c
3

d2v
dt2

]
. (14)

The radiative damping term given by square brackets in (14) has been
dropped, since it is not immediately relevant to our purpose of deciding
whether the electrodynamic force (6) can be approximated by the Cou-
lomb force. (We know that, in the absence of radiation damping, with
the Coulomb force, the initial “Keplerian” orbit should remain stable.) We
also take the mass to be constant though, relativistically, only the proper
mass is constant. This assumption, again, is appropriate to the comparison
we wish to make between the Coulomb force and the full electrodynamic
force.

3.4. Notation for the Explicit System of Equations

A slight change of notation is helpful for the explicit calculation.
We let

κ = q1 q2

4πε0m1
, µ = m1

m2
. (15)

The mass ratio µ is dimensionless, while κ has dimensions of L3T −2

(=length in units in which c = 1). Denote the 3-dimensional trajectories of
the two particles by r1(t), r2(t). The delays τ, τ̄ , and the vectors R1, R2
are defined by the simultaneous equations

c2 τ 2 = R2
1, R1 = r2(t) − r1(t − τ), R1 = ||R1||, (16)

c2 τ̄ 2 = R2
2, R2 = r1(t) − r2(t − τ̄ ), R2 = ||R2||. (17)

Since here we consider only retarded solutions, for which τ, τ̄ > 0 we need
to solve only the equations

R1 − cτ = 0, (18)

R2 − cτ̄ = 0, (19)
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4.5. Discrete Spectrum and FDEs

The discreteness of the observed hydrogen spectrum has been regarded
as another compelling argument against classical electrodynamics. Solu-
tions of FDEs can, however, admit an infinite discrete spectrum.

Thus, for example, consider the retarded harmonic oscillator, given by
the linear, second order, retarded FDE

ẍ(t) = −x(t − 1), (50)

It is easy to see that a function of the form

x(t) = ezk t , (51)

for complex zk, is a solution of the Eq. (50) if and only if zk is a solution
of thequasi-polynomial equation

z2ez = −1. (52)

It is equally easy to see that the quasi-polynomial equation (52) has
infinitely many complex solutions zk = xk ± i yk, and it is known(25) that
the roots are discrete, with no cluster point, and that the large magnitude
roots are given asymptotically by the approximate expression

yk = 2kπ + ε1(k), (53)

xk = − ln yk + ε2(k), (54)

where ε1(k) → 0, and ε2(k) → 0 as |zk| → ∞.
(Had we dropped the retardation from (50), and applied the same

procedure instead to the usual harmonic oscillator, given by the ODE
ẍ(t) = −x(t), that would have led, in the well-known way, to a quadratic
polynomial z2 = −1 with exactly one pair of complex conjugate roots:
i, and −i.)

Since the equation (50) is linear, any linear combination of these
infinitely many oscillatory solutions of the form (51) is again a solution.
Setting aside questions of convergence, it is clear that any finite linear
combination of the form

x(t) =
n∑

k=1

ak ezk t , (55)

with zk given by (54), say, is also a solution of (50). That is, in physi-
cal terms, the retarded harmonic oscillator, governed by the simple linear
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FDE (50), exhibits an infinite spectrum of discrete frequencies. The general
solution is a convergent linear combination of oscillations at an infinity of
discrete (“quantized”) frequencies. As in quantum mechanics, to determine
a unique solution one needs to know an “initial” function. If the initial
function is prescribed arbitrarily, we can expect discontinuities.

The above considerations remain valid for any linear FDE with con-
stant coefficients and constant delay.(26) The locally linear approxima-
tion(27) suggests that such “quantization” is also to be expected for the
non-linear FDEs of the electrodynamic 2-body problem. (For the FDE
(12) this approximation may be obtained simply by replacing f by its
first-order “Taylor” expansion, and then freezing the values of the delays
tr , in a neighborhood of the point at which we want to approximate the
solution.)

Mere discreteness of the spectrum does not, of course, mean that the
FDE formulation, using retarded electrodynamics, will correctly reproduce
the actual spectrum of the hydrogen atom. Equally, mere discreteness of
the spectrum was not an adequate argument against the classical hydrogen
atom, which was prematurely rejected on the basis of the ODE formula-
tion of the 2-body problem of electrodynamics. Though a further inves-
tigation of FDEs may still lead to a rejection of the classical hydrogen
atom for the right reasons, it could, on the other hand, well help to clar-
ify the “missing link” between classical and quantum mechanics, as in the
structured-time interpretation of quantum mechanics.(28)

5. CONCLUSIONS

1. The Coulomb force is not a good approximation to the full electro-
dynamic force between moving charges.

2. The classical hydrogen atom was prematurely rejected on the basis of
the ODE formulation of the electrodynamic 2-body problem.

3. The n-body problem involving electrodynamic interactions—as formu-
lated, for example, in current software for molecular dynamics—needs
to be reformulated using FDEs.
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The Tilt in the Arrow of Time

Einstein’s Mistake

R elativity changed the notion of the instant; for an instant con-
sists of all events that are simultaneous with it, and relativity

changed the notion of simultaneity. But relativity also changed the
notion of instantaneity; a possible change realised by Poincaré, but
not by Einstein who made a mathematical mistake about it—a mis-
take that he did not correct till the end of his life.

What is instantaneity? Let us begin with the conventional idea
that physics provides a ‘causal’ description of the world by relating
causes to effects—physics describes how the state of the world now
relates to its future states. The arrow continues to fly because of its
state at the preceding instant, and physics enables us to calculate
the future motion of the arrow, if the present state is known. We
saw earlier (p. 178) that this ‘causal’ interpretation of physics is
deceptive. The best argument against such an interpretation is
Poincaré’s philosophy that physics is defined by its mathematical
equations, and not by the interpretations we assign to these equa-
tions. Instantaneity means that ‘physical law is a differential
equation’, so that actually the state now decides both past and future
states, so that all states are decided by the state at any one given
instant. Thus, the formulation of physics using differential equa-
tions essentially means that the state of the world at any time  is
decided by its state at any one instant. One may say the arrow is
flying now because it was flying a moment ago; with equal facility
one may say the arrow is flying now because it will fall to the ground
a moment later.

Why not simply say that the arrow is flying now because the ar-
cher released it from his bow two seconds earlier? There is a
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difficulty if one believes with Aristotle and Augustine that the past
has ceased to exist; if so, locating causes in the past would make
them non-existent! Therefore, the present motion of the arrow can
be linked to the past action of the archer only through an inter-
mediate chain of causes. This belief in the non-existence of the past
is incompatible with relativity, as we have already seen—after
relativity, the past does not cease to exist. Parts of the past may
continue to exist in Buddhism, where the criterion of existence is
causal efficacy, and there may be a possible delay between cause
and effect. Therefore, Buddhists would say that a past event con-
tinues to exist if it has not yet produced its effects.

The Philosophy of Contact

The belief that the past has ceased to exist is closely related to
another belief in the desirability of explanation by contact: causes
proximate in time are presumably also proximate in space. The
philosophy of contact elevates this to a metaphysical principle: a
physical explanation must locate causes not only in the immediate
past, but in the immediate vicinity—the action of one body on
another must be explained through physical contact between the
two bodies. The archer cannot influence the motion of the arrow
after it has left the bow, for he has lost contact with the arrow. 

One observes, of course, the interaction between bodies that are
evidently not in contact—like a pair of magnets. The aether, as an
all-pervasive invisible substratum, was first introduced to help ex-
plain by contact such observed interactions between two spatially
separated bodies. The aether was imbued with all manners of as-
tounding properties to prevent this principle of action-by-contact
from being falsified. In present-day physics (including relativity
and quantum mechanics), the underlying philosophy of contact is
preserved through the notion of the all-pervasive invisible sub-
stratum of the field, which has substituted the aether.1

The philosophical belief that only action by contact needed no
explanation has an old history. Orthodox Indian philosophy
(Nyâya-Vaiíeìika) advocated the philosophy of contact (saóyoga)
and the related notion of aether (= sky= âkâía).2 Just at the time
when numerous Indian texts were being translated and imported
into renaissance Europe, this philosophy of contact and aether was
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adopted by Descartes. On the other hand, Francis Bacon was ‘most
ready to ascribe to action at a distance without any material
medium…those [phenomena] which savour most of witchcraft,
magic, astrology, and telepathy’,3 so that action at a distance often
continues to be called ‘spooky’ in present-day discourses on
physics. (This terminology has been particularly prominent in the
debate over Bell ‘locality’: quantum mechanics is somehow
‘spooky’ because it enables interaction between particles that
‘cannot’ be in contact.) 

Under such Cartesian and Baconian influence it came to be
believed that a physical explanation, to be one, must relate a cause
here and now to an effect here and now. The aether, it was thought,
brought in clarity—also banishing spooks, like daylight. The
natural mathematical corollary to this was instantaneity: that physi-
cal law must necessarily have the form of a differential equation.

Newtonian mechanics is characterised by this instantaneity.
Though the force behind instantaneity was the idea of action by
contact,4 Newtonian physics only half-accepted the idea. New-
tonian physics consists of two parts: Newton’s laws of motion, and
Newton’s law of gravitation. Neither part can yield physics by itself,
and the two must be combined to give physics.5 Newton’s laws of
motion explained motion here and now using forces acting here and
now, but Newton’s law of gravitation explained the forces acting
here and now using the positions of distant bodies now. After special
relativity, the last ‘now’ in the previous sentence is not quite mean-
ingful. 

The sun, for example, is a distant body. Suppose it is switched
off now. When will the earth first wobble in its orbit? After relativity,
we believe that the information that the sun has been switched off
will take some time to travel to us; we believe that this time cannot
be shorter than the time taken by light to travel that distance—a
little over eight minutes. So we will continue to see the sun, as it was
before being switched off, for the next eight minutes, after which
the earth will wobble. But according to Newtonian physics, the
earth ought to wobble right away. 

This thought experiment suggests a fundamental incom-
patibility between Newtonian gravitation and relativity, especially
in interactions involving transients. Let us try to test this incom-
patibility. One cannot switch off the sun, so where should one look
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for gravitational interactions involving transients? The galaxy
provides an example. (Though speculative, this is easier to explain
than better examples.) While the planets of our solar system have
gone around the sun many times since the solar system came into
being, and have reached a steady state, our sun and other stars in
the galaxy have gone around the centre of the galaxy barely a
couple of times since the galaxy came into being.

Dark Matter or the Failure of
Instantaneity?
And, in fact, Newtonian gravitation does not correctly describe the
observed motion of stars around the galactic centre. The stars seem
to be moving far too fast. The amount of matter in the galaxy
seems too small to hold together stars rotating at such high speed.
The discrepancy is put down to something we do not observe, and
something we cannot hope to see: dark matter in the galaxy—mat-
ter not in the form of stars, which hence cannot be seen. 

Now, a priori one can accept that there may be non-luminous
matter in the galaxy. One could even accept that matter in the
galaxy is mostly dark, in the ratio of 10:1. But it is difficult to accept
the peculiar way in which this dark matter is required to be distributed—
with its density increasing outwards from the centre of the galaxy,
and reaching a constant value where the density of luminous mat-
ter reaches zero. This peculiar distribution of dark matter seems an
artificial hypothesis invented only to save Newtonian gravitation
from being refuted.

Why not simply accept that Newton’s laws fail to describe the
situation correctly? Newton’s laws are good for practical travelling
to the moon, they are good to describe quickly the planetary orbits
from which they were back-calculated, but they fail to describe the
rotation of the galaxy. 

History Dependence
Let us try to understand this failure using the previous example of
the sun being switched off. The question there was whether the
gravitational force on a planet due to the sun relates to the sun as
it is now or as it was last seen. This question appears with renewed
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force when we look at galactic rotation. Unlike a few planets going
round a relatively very massive central body, in the case of the
galaxy we have millions of stars going round a common centre.
Each of these stars interacts gravitationally with all other stars. In
calculating the gravitational force of star A on star B, at time t,
should we use the position of star A at time t, or the position of star
A as last seen from star B? 

Relativistically, the second choice is preferable. (Though both
these choices are technically incorrect, the following arguments
apply perfectly well to the technically correct choice, where force
depends upon both position and velocity.) Suppose we make the
second choice. What difference does that make? To Einstein, it
made no serious difference. Einstein only half-rejected the aether:
he did not reject it in the sense of action by contact or instan-
taneity.6 He thought, following Bacon, that action without contact
was ‘spooky’, and stated as much while formulating the Einstein–
Podolsky–Rosen paradox (Chapter 8). Poincaré, being a mathe-
matician, understood that rejecting aether would change the
equations of physics, making them what he called ‘equations of
finite differences’. 

Does our ether actually exist? We know the origin of our belief
in ether. If light takes several years to reach us from a distant
star, it is no longer on the star, nor is on the earth. It must be
somewhere, and supported, so to speak, by some material
agency…The same idea may be expressed in a more mathe-
matical and more abstract form…in ordinary mechanics the
state of the system under consideration depends only on its
state at the moment immediately preceding; the system there-
fore satisfies certain differential equations. On the other
hand, if we did not believe in the ether, the state of the
material universe would depend not only on the state imme-
diately preceding, but also on much older states; the system
would satisfy equations of finite differences. The ether was in-
vented to escape the breaking down of the laws of general
mechanics.7 [Emphasis mine.]  

Today we would call these ‘delay differential equations’, or ‘func-
tional differential equations’. The names are unimportant, and
what is important is this: if aether and action by contact are
rejected, then, as a first step, instantaneity has to be replaced by
history dependence. 
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Annex 3

(Annotated chronology, including list of my prior publications.)



 
Annotated chronology, including list of  my talks, publications, reviews, citations, and 
news reports, etc. relating to dissemination of my ideas about retarded and mixed-type 
functional differential equations (FDE) and the relation to quantum mechanics.  
 
1989: “Quantum Mechanics and the Micro-Physical Structure of Time.” Invited talk 

delivered at the International Conference on the Conceptual Foundations of 
Quantum Mechanics, New Delhi, Dec 1989. (Linked Hilbert-space axiomatics of 
qm to a lattice derived by a temporal logic corresponding to structured time.) 

1992:  “On Time 5a: The Electromagnetic Field”, Physics Education (India) 9 (1992) 
119–128. (Explains why the field, like the aether, originates in the ideology of 
action by contact [and hence should be discarded].)  

1992: “On Time 5b: Electromagnetic time”, Physics Education (India) 9(3) (1992) 
251–265. (Paper explains how retarded, advanced, and mixed-type functional 
differential equations arise in direct action electrodynamics [if fields are discarded] 
and how this resolves the paradoxes of thermodynamics.) 

1993: On Time 6a: Bell and Non-Locality, 10 (1993) 55–73. (Explains why nonlocality is 
an essential feature of qm. [Hence retarded FDE do not suffice to get all of qm.]) 

1993: “On Time 6b: Quantum-mechanical time”, Physics Education (India) 10(2) 
(1993)143--161. (Paper explains how mixed-type FDE lead to quantum mechanics 
via a structure of time.) 

1994: Time: Towards a Consistent Theory, Kluwer Academic, Dordrecht, 1994 
(Fundamental Theories of Physics, vol. 65). (Consolidated the above work in a 
prestigious international publication for wider dissemination.) 

1996: “Time Travel and the Reality of Spontaneity.” Invited talk delivered at the Seminar 
on Reality in Physics and Philosophy, Calcutta, Feb 1996. (Paper explained a key 
empirical consequence of dropping the assumption of causality, using the theory of 
mixed-type FDE. The paper, although accepted for publication by Found. Phys., 
with very favourable referee reports, was published only ten years later.) 

1996: “Simulating a Tilt in the Arrow of Time: Preliminary Results.” Invited paper 
presented at the Seminar on Some Aspects of Theoretical Physics, Indian Statistical 
Institute, Calcutta, 14–15 May 1996. (Paper presented and compared 
computational solutions of  ordinary, retarded, and (Lévy-perturbed) stochastic 
differential equations for the two body problem. Also explained how to solve 
mixed-type FDE.) 

1996: J. F. Woodward, “An Essay Review of C. K. Raju’s Time: Towards a Consistent 
Theory (Kluwer Academic: Dordrecht)”, Foundations of Physics 26 (1996) 
1725–1730. (Review pointed out that progress in physics is made not by adding 
hypotheses, but by dropping them, and that I have dropped the hypothesis of 
causality.) 

1996: “Time Travel and Schrödinger’s Cat.” Invited talk, International Symposium on 
Seventy Years of Schrödinger’s Wave Mechanics, New Delhi, Dec 1996.  

1997: “The Tachyonic Anti-telephone and Tolman’s Grandfather.” Invited talk at the 
Heisenberg Colloquium, Shimla, Aug 1997. 
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1998: “The Electrodynamic 2–body Problem and the Origin of Quantum Mechanics.” 
Paper presented at the International Symposium on Uncertain Reality, New Delhi, 
5–9 Jan 1998. (Presented the solution of the retarded (delay) differential equations 
corresponding to the 2-body problem. Was sharply criticised by Kamal Datta.)  

1999:  Similar seminar at Dept of Maths, University of Southampton (included discussion 
with C. J. S. Clarke, and  P. T. Landsberg).  

1999: “Relativity: History and History Dependence.” Paper presented at the On Time 
Seminar, British Society for History of Science, and Royal Society for History of 
Science, Liverpool, August 1999. 

1999  “Mathematics and Culture.” Reprinted in Philosophy of Mathematics Education, 11 
at http://people.ex.ac.uk/PErnest/pome11/art18.htm. (Highlighted the 
mathematical mistake made by Einstein in a paper on the relativistic many-body 
problem published in the Annals of Mathematics.  [He “Taylor”-expanded  a 
retarded FDE, in powers of the delay, to reduce it to an ODE, showing he didn’t 
understand the mathematics of FDE.] The mathematics of this error had been 
explained in the 1994 book, with a brief reference to Einstein.) 

1999: “Time Travel.” Invited talk at the International Seminar, Retrocausality Day, 
University of Groningen, September, 1999. (My claim became the focus of debate, 
during and after the conference, with H. D. Zeh arguing that ordinary differential 
equations +  fields were all that were needed for physics, and a new mathematical 
understanding could not by itself bring about a paradigm shift in physics.) 

2000: January, Seminar at University of Pittsburgh.  
2003: The Eleven Pictures of Time, Sage, 2003. (Explained the consequences of various 

types of FDE for laypersons in chapter 9 on “The tilt in the arrow of time”, under 
the headings “Einstein's mistake”, “History dependence” etc.) 

2003: Press release and newspaper reports related to The Eleven Pictures of Time, at 
www.11picsoftime.com.  

2004: Don Miller, Review of The Eleven Pictures of Time in Time and Society London, 
13(2), September 2004. (Noted, in passing, the point about Poincaré and Einstein.) 

  
2004: “The Electrodynamic 2-Body Problem and the Origin of Quantum Mechanics” 

Found. Phys. 34 (2004) 937–62. (First published solution of a past value problem 
in physics for the retarded FDE [delay differential equations] of electrodynamics.  
The past data was prescribed using Bohr orbits.  The heuristic insight was provided 
by pointing out the delay torque, easily understood with a retarded inverse square 
law [first mentioned in the paper on “Simulating a tilt”]. The paper was cited 
especially by Jaume Gine in several papers posted on the archive since May 2005; 
Gine too tried to link retarded FDE to quantum mechanics in his own way, and 
mailed copies of his papers to me and to several others.)  

2004: “Were Newton, Einstein Plagiarists”, Hindustan Times  (Bhopal edition) 14 Sep 
2004, p. 3 headline. Quoted in the Math News Archives for 1–20 Sep 2004, at 
http://www.dm.unito.it/personalpages/cerruti/mathnews0904.html.  
 

2004: 8 Nov. “Prof. Raju’s charge of plagiarism found correct.” Hindustan Times, Bhopal 
Live, front page headline. Related UNI [news-agency] dispatch of 23 Nov. “MP 
based mathematician’s work plagiarized abroad”. (This gave another journalistic 



account of the “epistemic test” that those who copy make mistakes because they 
don’t fully understand what they are copying. This test was systematically used in 
my complaint against Almeida et al. to the University of  Exeter.) 

2005: “Why Time Travel is Possible but Time Machines are Not”. Talk in the series Conceptual 
and Historical Issues in Modern Physics, Depts of Physics and Philosophy, at Univ. of 
Sydney, 20 October 2005.  

2005: 21 October, Sir Michael Atiyah’s Einstein lecture. 
2005  24 October. Atiyah’s lecture at the Kavli Institute of Theoretical Physics. 
2005: Following up on son’s email of 26 October, my email of 6 Nov to Atiyah, politely 

pointing out that his talk showed insufficient understanding of the linkages between 
FDE and quantum mechanics on the one hand, and  FDE and classical field theory 
on the other. (Alternatively, he demonstrated a lack of understanding of how the 
theory FDE links with the theory of coupled ordinary and partial differential 
equations, as explained in my 2004 paper.) Coming from so great a mathematician, 
such a blunder is difficult to understand.  I also pointed out some further radical 
consequences of this line of thought not only for physics, but also for mathematics, 
and politely reminded him of Poincaré etc. 

2005: 19 Nov. Atiyah’s response, stating that his ideas are “fluid” and that they are not 
necessarily sensible. 

2006: G. W. Johnson and M. Walker, “Sir Michael Atiyah’s Einstein Lecture”, Notices of 
the American Mathematical Society, 53 (6) June/July 2006, pp. 674–78. Available 
at http://www.ams.org/notices/200606/comm-walker.pdf.  Under the heading “A 
New Paradigm?” the article stated “Atiyah noted that all physical models since 
Newton, including even quantum mechanics, have assumed one basic 
premise—that we can predict the future from full knowledge of the present. Atiyah 
suggested an alternative to this paradigm: Perhaps we need full knowledge of the 
present and the past in order to predict the future. That is, maybe the universe has 
memory.”  Since I have needed to refer to these two situations so frequently, they 
have been given special names,  “Instantaneity” and “History dependence” in my 
works. The authors however refer to history-dependence as “Atiyah’s hypothesis”, 
and go on to specify, “Atiyah’s hypothesis possibly leads to several interesting 
consequences: 1. The mathematics used in physical theory would become more 
difficult, since all previously used mathematics in physics assumes that knowledge 
of the present suffices.  

   
2006: “Time Travel and the Reality of Spontaneity”, Found. Phys. July 2006.  
 
2006:  31 October. My email to Johnson and Walker, suggesting that they should retract 

the erroneous phrase “Atiyah’s hypothesis” since the idea was put forward by me 
long before Atiyah, since Atiyah was certainly informed about it prior to their 
publication, and since  no hypothesis is necessary. I also suggested that a claim of 
independent rediscovery on behalf of Atiyah would need to be publicly debated 
against the background of numerous such claims of independent rediscovery on 
behalf of well-known Western names like Copernicus, and using a single standard 
of evidence, instead of the double standards used in racist history. 



2006: 16 Nov. My fax to Johnson and Walker, confirming my email, and pointing out also 
the violation of the AMS ethical guidelines published in the same issue as their 
article. 

2006   16 Nov --  Dec; Further email exchanges with Johnson and Walker. Response from 
Atiyah. 

2006  11/.12 Dec Petition to Chancellor of Johnson and Walker’s university. 
2006   12 Dec-28 Dec. Response to Atiyah. Further email exchanges. 
2006   29 Dec. Walker submits a letter for publication in Notices. 
2007  2 Jan. A. Magid, Editor of Notices acknowledges the letter, and indicates he is 

likely to accept it. 
2007  ca. 15 March. Publication of Walker’s  letter in April issue of Notices. 
2007 29 March. Atiyah inaugurates a mathematical conference in Paris,  and speaks of 

radical new foundations for physics. Again discusses delay equations. 
2007  9 April. My letter submitted to Notices, Is it Ethical? 
2007  7 May. Receipt of my letter is acknowledged after two reminders. 
 



Annex 4

(Extracts from Johnson and Walker article, “Sir Michael Atiyah’s Einstein
lecture”, Notices of the American Mathematical Society, June/July 2006.)
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additional 6 (or 7) dimensions are hidden from
our normal experience of reality.

2. Whereas more classically, the basic objects such
as electrons, protons, and quarks, could be
thought of as point particles, string theory in-
terprets such objects as being very small
“strings”. This allows for a “smoothing out” of
the singularities that arise in the classical pic-
ture when such particles come close together.
Even the singularities associated with mixing
quantum mechanical and gravitational forces
are resolved in this manner.

3. Very sophisticated geometry is used, involving
a vast amount of mathematics, both old and
new.

4. No unique model or picture has emerged out of
string theory, but rather several versions exist.
These different theories are now known to be
different facets of the same theory. What has
happened to the “real world”?

5. Quantum mechanics remains the basic frame-
work.
String theory has had a remarkable and myste-

rious impact on pure mathematics, leading to many
new concepts and results. In some cases, such re-
sults have been given proofs in the traditional
mathematical sense. In other situations, the “re-
sults” merely fit well with known mathematical re-
sults or accepted features of string theory. In par-
ticular, string theory has had an impact in
1. algebraic geometry, by addressing enumerative

questions concerned with counting algebraic
curves satisfying certain conditions;

2. knot theory, by construction of new topological
invariants of knots that can sometimes distin-
guish a knot from its mirror image;

3. four-dimensional geometry, by giving new, un-
expected, and very deep results that are unique
to four dimensions; and

4. various branches of algebra.

A New Paradigm?
If a “theory of everything” emerges from string
theory, we will discover a universe built on fan-
tastically intricate mathematics. In particular, the
Calabi-Yau manifolds that make up the hidden di-
mensions are extremely complicated. Atiyah sug-
gested that it is not satisfying that the true theory
would be so complicated—even writing down the
terms of the theory requires a vast amount of back-
ground.

Perhaps, according to Atiyah, a new paradigm
is needed; perhaps the complicated mathematics
appearing in string theory is merely “in the eye of
the beholder”. That is, maybe we do not understand
the fundamental nature of reality well enough, and
this misunderstanding is leading to such excep-
tionally complicated mathematics. String theory,
from this point of view, is only our method of

approximating a simple reality. Perhaps, Atiyah
suggested, we should follow Einstein and question
quantum mechanics.

In order to make progress, we might need to dis-
pense with some piece of accepted dogma. Rela-
tivity, quantum mechanics, and string theory have
already dispensed with many previously held
tenets, and so one might ponder whether there re-
mains any such dogma left to throw away. Atiyah
noted that all physical models since Newton, in-
cluding even quantum mechanics, have assumed
one basic premise—that we can predict the future
from full knowledge of the present. Atiyah sug-
gested an alternative to this paradigm: Perhaps we
need full knowledge of the present and the past in
order to predict the future. That is, maybe the uni-
verse has memory. As a simple example, the no-
tion of the velocity of an object is viewed as being
a property of the present, but, in reality, to mea-
sure velocity one needs to know not only where the
object is now but where it was a moment earlier.

Atiyah’s hypothesis possibly leads to several in-
teresting consequences:
1. The mathematics used in physical theory would

become more difficult, since all previously used
mathematics in physics assumes that knowl-
edge of the present suffices. With the new par-
adigm, for example, retarded (or delay) differ-
ential equations would become necessary.

2. Since we do not have complete knowledge of the
past, uncertainty would arise. This might shed
light on the uncertainty inherent in quantum me-
chanics.

3. Perhaps the complicated mathematics of string
theory arises from our attempt to understand
the full implications of the theory of general rel-
ativity without incorporating the knowledge of
the past.
Atiyah does not promote discarding older, time-

tested physical theories. Rather, such a new
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paradigm ought to build on the old theories, much
as relativity builds on Newtonian mechanics.

Speculations and Questions
There are various attitudes among physicists to-
ward string theory. Some dismiss it as fancy math-
ematics that is unrelated to the real world, since
string theory makes no testable predictions. Oth-
ers believe the mathematical applications of string
theory give confidence in the physical insights and
indicate that the theory is on the right track. From
this point of view, mathematical applications be-
come a kind of alternative to experimental evi-
dence. A third point of view is that we should con-
tinue to push forward with string theory in the hope
that the new results and ideas that emerge will serve
as a guide for finding a final unified theory.

Atiyah concluded his talk by speculating on the
meaning of all this—quantum field theory, string
theory, and their mathematical applications. What
will the future physical theory look like? The aim
is to unify quantum mechanics, the physics of the
very small, with general relativity, the physics of
the very large. Supersymmetry is a symmetry in
which physical laws are unchanged when bosons
and fermions are interchanged. Superstring theory,
a supersymmetric string theory, is a perturbative
approach, one that Atiyah compared with the the-
ory of epicycles developed by Ptolemy. But what is
the real theory; that is, what is being perturbed? Is
it M-theory, a currently incomplete theory unifying
all five versions of string theory? Is the universe
really built using all this sophisticated machinery
or is this an example of mathematics imposed by
us? Perhaps the real physics is simpler and one
should adhere to the dictate of Occam’s razor—con-
cepts should not be multiplied beyond necessity.
Do we need to modify quantum mechanics? Atiyah
closed by saying “This is for young people: Go
away and explore it. If it works, don’t forget I sug-
gested it. If it doesn’t, don’t hold me responsible.”

The second Einstein Public Lecture in Mathe-
matics was delivered on April 29, 2006, in con-
junction with the AMS Spring Western Sectional
Meeting at San Francisco State University. Benoît
Mandelbrot of Yale University spoke on “The nature
of roughness in mathematics, science, and art”.

All photographs used in this article are courtesy
of Gregg Johnson (Suitefreedom.com).
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Annex 5

(Copies of correspondence to show that Atiyah was explicitly informed as
early as 26 October 2005 of my work in Annex 3, and that he had received

this, and acknowledged reading my 1994 book, the 2004 paper, and its
relevance well before the Johnson and Walker article.)
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To : M.Atiyah@ed.ac.uk, Michael.Atiyah@ed.ac.uk

Subject : functional differential equations (fwd)
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Content-Type: MULTIPART/MIXED; BOUNDARY="-141793246-132847350-1130368351=:21410" 
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Content-Type: TEXT/PLAIN; CHARSET=US-ASCII 
Content-ID: <Pine.LNX.4.58.0510261912401.21410@ls04.fas.harvard.edu> 

Dear Professor Atiyah, 
 
I am a graduate student at Harvard. I have been working, with Prof. Shiraz 
Minwalla, on aspects of the AdS/CFT correspondence. 
 
I heard your very interesting talk at the KITP,  on whether the Universe 
has a history, via webcast. 
 
As was brought up in the questions after the talk, relativity 
necessitates the replacement of  ordinary differential equations with 
functional differential equations. As Prof. Gross mentioned, this is 
currently done in modern Physics by introducing fields. 
 
However, a comprehensive analysis of the physical and philosophical 
implications of replacing ordinary differential equations with functional 
differential equations was first done more than 10 years ago and may be 
found in the book "Time: Towards a Consistent Theory. By C.K. Raju. 
Dordrecht, Netherlands: Kluwer (1994)  (Fundamental theories of 
physcis, 65)." 
 
Prof. Raju considers functional differential equations of both the 
'retarded' and the 'mixed' type. Moreover, in Chapter VI, he shows how 
it is possible to reconstruct the formal structure of quantum mechanics 
from this. 
 
Moreover, last year, Prof. Raju also published the first ever solution to 
retarded functional differential equations in the concrete physical 
context of a two body electrodynamic system. These results may be found in 
"The electrodynamic 2-body problem and the origin of quantum 
mechanics",Found. Phys. 34 (6) June 2004, 937--62. 
 
I have attached a pdf vesion of the paper to this email. 
 
Thank you. 
 
Regards, 
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From Suvrat Raju <suvrat@physics.harvard.edu>

Subject Re:
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To "C. K. Raju" <c_k_raju@hotmail.com>, c_k_raju@vsnl.net
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Here is Atiyah's reply :-) Maybe you can write to him directly. 
 
---------- Forwarded message ---------- 
Date: Fri, 28 Oct 2005 21:40:34 +0100 
From: Michael Atiyah <M.Atiyah@ed.ac.uk> 
To: suvrat@physics.harvard.edu 
Subject: Re: functional differential equations (fwd) 
 
Der Mr Raju, 
 
Thank you for drawing my attention to the paper  and the book.  They seem 
relevant to my ides and  I have  found them helpful. 
 
Incidentally are you  relatd to the author of the book? 
 
Michael Atiyah. 
 
Quoting Suvrat Raju <suvrat@physics.harvard.edu>: 
 
> Dear Professor Atiyah, 
> 
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Dear Professor Raju, 
 
Thank you for your message and my apologies for this  late reply. 
 
There is certainly some overlap in our ideas about the relevance of retarded differential equations to physics, but my own ideas are still fluid and far from 
settled.  If they converge to anything sensible I will pass them on to you. 
 
While I was in Santa Barbara, California, my attention was drawn to Feynman's thesis (just recently  published under that title by World Scientific Press -
author Laurie  Brown).  Retarded and advanced differential equations arise there in the context of the dynamics of charged particles and you might find the 
discussion interesting. 
 
Michael Atiyah 
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Annex 6

(My response to the belated acknowledgment, submitted to the Notices of
the AMS.)



Is this Ethical?

C. K. Raju
c k raju@vsnl.net

M. Walker’s letter (Notices, April 2007), concerning the article by Johnson
and Walker, “Sir Michael Atiyah’s Einstein Lecture. . . ” (Notices, June-July
2006), and drawing attention to my past work, is a step in the right direction,
but the whole truth needs to emerge.

In two lectures given in October 2005, Atiyah acknowledged no prior
work, claiming credit for connecting retarded differential equations to quan-
tum mechanics. This was called “Atiyah’s hypothesis”, and hailed as a
potential paradigm shift in the Johnson-Walker article. Consequently, it
came to be discussed as “Atiyah’s new basis for quantum mechanics” (e.g.
http://physicsforums.com/archive/index.php/t-96806.html). Thus, the fact
is that my prior work was suppressed.

Atiyah certainly knew of my prior work at the latest by 26 Oct 2005, when
my 2004 paper and a reference to my 1994 book were mailed to him, and he
acknowledged reading them, and accepted the similarity. This was well before
the Johnson-Walker article (shown to Atiyah before submission), which still
did not refer to my work. Atiyah (personal communication) justified this
on the grounds that he does not regard the Notices article as a “serious”
publication. Thus, at least in the case of the Notices article, suppression of
my past work was deliberate.

The ethical guidelines of the AMS (Notices, June–July 2006) aim to en-
sure appropriate allocation of credits. That could have been achieved, even
without citing references, by clarifying that Atiyah was not presenting orig-
inal work. Such a clarification would have been especially appropriate con-
sidering that Atiyah’s talks were widely publicised, and the wide readership
of the Notices which has traditionally served to establish priority. Atiyah,
however, stated to the contrary “don’t forget I suggested it” (also quoted in
the Notices article). This is an unmistakable claim of priority—especially
given the deliberate suppression of my prior work. Is this ethical?

1

Dr C. K. Raju
Text Box
Annex 6



Secondly, Atiyah (personal communication) has claimed to have indepen-
dently rediscovered my idea. Is this claim ethical (regardless of its validity)?
Thus, the AMS ethical guidelines explicitly state that “a claim of indepen-
dence may not be based on ignorance of widely disseminated results”—for
such ignorance can so easily be feigned. And, my work was undoubtedly
published and widely disseminated earlier, through books, articles, con-
ferences, website, and newspaper reports. (Further details of this are at
http://www.11picsoftime.com/Atiyah annexes.pdf.) Thus, Atiyah’s claim of
“independent rediscovery” is unethical according to those guidelines. This is
particularly unfortunate since Atiyah has added nothing new by restating as
a conjecture what I had earlier claimed as a theorem; this has only obscured
important aspects of my theory, such as the connection of the structured-time
interpretation of quantum mechanics to quantum computing.

Thirdly, is Atiyah’s claim of independent rediscovery valid? Given the
long list of claims of “independent rediscovery” of revolutionary ideas, since
Copernicus, various criteria to test the veracity of such claims have been pro-
posed in my forthcoming book Cultural Foundations of Mathematics: The
Nature of Mathematical Proof and the Transmission of the Calculus from In-
dia to Europe in the 16th c. CE (PHISPC vol. X, part 4, Pearson Education,
in press).

One such criterion is a commonsense “epistemic test”: if two students turn
in very similar answers, one way to ascertain whether copying has taken place
is to test the students’ understanding. One cannot thus directly interrogate
the past—but mistakes may expose lack of understanding. Does Atiyah’s
claim of “independent rediscovery” pass the epistemic test?

There is a conceptual error on a subtle point in (a) Atiyah’s video-
recorded Einstein lecture of 21 October 2005, (b) his webcast talk of 24
October 2005 at the Kavli Institute of Theoretical Physics, and (c) the No-
tices article (approved by Atiyah). For example, the Notices article states
“all physical models. . . have assumed one basic premise—that we can predict
the future from full knowledge of the present. Atiyah suggested an alterna-
tive to this paradigm: Perhaps we need full knowledge of the present and the
past in order to predict the future.” [Emphasis original] This is incorrect: as
any physicist will understand, past information is already contained in the
field. Since field and particle pictures are equivalent, functional differential
equations do arise in classical physics if one uses only the particle picture.
The functional differential equations I solved in my 2004 paper (Found. Phys.
34, 937–62) were those of classical physics, although I explicitly needed to
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prescribe a past history for their solution.
The physics has been available since Heaviside and Lorentz—but the rel-

evant functional differential equations were simply not earlier solved in any
significant physical context by physicists. That is, my proposal is not a new
physical hypothesis but a correct (though novel) mathematical understanding
of long-existing physics: a thesis not a hypothesis. If functional differential
equations were applied, say, to finance (as I have suggested) that would be
a new hypothesis; but in physics itself no new hypothesis is needed.

There are many surprises here—for example, the solution of the correctly
formulated electrodynamic 2-body problem shows that the classical hydrogen
atom is not necessarily unstable, contrary to what has been believed for a
century. However, the paradigm that is overturned is only the “Newtonian
paradigm”—a term carefully defined by me in my 1994 book, Time: Towards
a Consistent Theory (p. 118), and not equivalent to classical physics with
which it can easily be confounded, as Atiyah has done.

It is clear from his videotaped lectures and the above quote that Atiyah
has somehow failed to comprehend that functional differential equations al-
ready arise in existing physics. The very terminology of “Atiyah’s hypothe-
sis”, apart from being historically objectionable, is conceptually inaccurate—
for no fresh hypothesis is needed. Atiyah’s error on this point was no slip, for
this point about fields did not register with him, even though (a) it was force-
fully raised by David Gross during Atiyah’s talk at the Kavli Institute (see
the streaming video of Atiyah’s talk at http://online.kitp.ucsb.edu/online/
strings05/atiyah/), and was (b) subsequently reiterated in the email of 26
October 2005, sent by my son to Atiyah. Further, (c) Atiyah persisted in
this error while approving the Notices article. An error repeated thrice shows
lack of understanding. As a Field medallist, Atiyah is highly regarded, but
he has erred in understanding the mathematics of the field.

On the epistemic test, this error of understanding points also to a further
ethical error, in addition to those already mentioned. Mere belated acknowl-
edgement of the undeniable fact of my past work is inadequate to undo all
this, especially since Atiyah has not expressed any remorse so far, for any
ethical error. It is now for the mathematics community at large either to
recognize this as an ethical error and censure it, or else to encourage others
to emulate the example set by Atiyah, and avoid acknowledging past work,
until pressed to do so. The only third possibility I can see is to explicitly
adopt double standards.
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Annex 7

(Descriptive account of events as they unfolded since October 2005.)




